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For ¯ ight at high Mach numbers, thermal and chemical nonequilibrium may exist in the mean ¯ ow and thus
affect the stabilityof the ¯ ow.A computationaltoolwas developedto analyzeahypersonicmean ¯ ow and its stability

including thermochemical nonequilibrium. The mean ¯ ow analysis employs the Navier± Stokes equations with a
translational/vibrational temperature model for thermal nonequilibrium and a ® ve-species reacting air model for

chemical nonequilibrium.The stability analysis employs linear stability theory to describe the spatial ampli® cation
of two- and three-dimensionaldisturbances. The computationaltool is used to determine the frequency and spatial

ampli® cation of disturbances that may lead to boundary layer transition on cold wall and adiabatic ¯ at plates. The
effect of thermal and chemical nonequilibrium on stability is shown to depend on the disturbance mode.

I. Introduction

T HE transition from laminar to turbulent ¯ ow signi® cantly af-
fects the surface heating as well as the aerodynamic perfor-

mance of a hypersonic vehicle. Thus, an accurate prediction of
boundary-layertransition is necessaryfor an optimum design of the
vehicle and its thermal protection system. Historically, empirical
relationships, based on re-entry vehicle ¯ ight data, were developed
to predict the location of transition.An accurate prediction of tran-
sition on a re-entry vehicle was not so critical, because the ablating
thermal protection system was conservativelydesigned to survive a
one-time use mission. However, for new vehicles, such as reusable
hypersoniccruise vehicles and aerobrakes for Earth and Mars entry
missions, weight limitations dictate mission feasibility and there-
fore reduce the allowable degree of design conservatism. Thus, a
more accurate simulation of boundary-layer transition is necessary
to design new hypersonic vehicles.

In stability analyses, the fundamental causes of boundary-layer
transition are identi® ed. In this approach, the frequency and ampli-
® cation rates of disturbances in a speci® ed mean ¯ ow are exam-
ined. The predicted stability of these disturbances depends on the
character of the mean ¯ ow. In a hypersonic ¯ ow, the gas can be vi-
brationally excited and may dissociate and recombine; thermal and
chemical nonequilibrium may thus affect the stability of the ¯ ow.
To date, most stability analyses of hypersonic ¯ ows have assumed
perfect gas. Two exceptions to this are the works led by Malik1 , 2

and Stuckert.3 , 4 Malik and Anderson1 employedthe boundary-layer
equations to examine equilibrium air¯ ow over a ¯ at plate. Stuckert
and Reed3 solved the parabolizedNavier±Stokes equations to study
the chemical nonequilibrium¯ ow over an axisymmetric cone. The
objective of the present work is to examine the effects of thermo-
chemicalnonequilibriumon the linear stabilityof a hypersonic¯ ow.
The approachundertakenin the work is to ® rst solve the full Navier±
Stokes equationswith a two-temperaturemodel and ® ve-speciesair
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model. Then, the stability of the spatially evolving disturbances is
examined from the linearized disturbance equations.

There are two modes of inviscid instability for hypersonic ¯ ow.
The ® rst mode is a vorticity disturbance,and the second mode is an
acoustic disturbance. The two modes can be described by de® ning
a local Mach number, ÅM , relative to the phase velocity cr

ÅM = (u ¡ cr )/a

where u is the local velocityparallel to the surface and a is the local
speed of sound.

If ÅM2 < 1 everywhere, Lees and Lin5 showed that the presence
of a generalized in¯ ection point (gip), de® ned as

@

@y ( q
@u

@y ) = 0

which indicates a maximum in the angular momentum, is a suf® -
cient condition for ® rst-mode instability. For compressible perfect
gas ¯ ow, the most unstable ® rst-modedisturbanceis always oblique,
and there is a unique wave number corresponding to the phase ve-
locity at the gip. In our previous work,6 we qualitatively assessed
thermochemical nonequilibriumeffects on ® rst-mode instability by
examining the location of the gip in the mean ¯ ow around a sphere.
In the present work, the linear stability analysis is used to quantify
these effects.

The higher frequency second-mode disturbance has been shown
to be the most unstable in perfect gas hypersonic ¯ ows. If ÅM2 > 1,
then the boundary layer is unstable to inviscid waves regardless
of any other feature of the pro® le. Unlike the ® rst mode, there is a
multiplicityof unstablemodes.7 , 8 For the second and higher modes,
two-dimensionaldisturbancesare the most unstable.Whereas in our
previous work the analysis was limited to ® rst-mode disturbances,
the present work extends the analysis to include the second-mode
disturbances.

In this paper, we present the developmentof a computationaltool
to evaluate the ® rst- and second-modedisturbances in a hypersonic
mean ¯ ow with thermal and chemical nonequilibrium. In Secs. II
and III, the governing equations and numerical methods for the
mean ¯ ow and disturbances with thermochemical nonequilibrium
are presented.The validationof the numericalmethods is presented
in Sec. IV; the results are compared with previous results of perfect
gas, equilibrium air, and chemical nonequilibriumair models. The
effects of thermal and chemical nonequilibriumare then examined
in Sec. V.
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II. Mean Flow
A. Governing Equations

The Navier±Stokes equations are employed to describe the ¯ ow
of nonequilibrium air over a body. The analysis employs a two-
temperature model for thermal nonequilibriumand ® ve-species air
model for chemical nonequilibrium. Thus, ® ve-species equations,
two momentumequations,and two energyequationsare solved.The
governing mean ¯ ow equations in conservative form and Cartesian
coordinates are as follows:

@U

@t
+

@F

@x
+

@G

@y
= W (1)

where the vector of conserved variables is

U = f q 1, q 2 , q 3 , q 4, q 5 , q u, q v , Evib, E total g T

q s , s = 1, 5, are the speciesmassdensities,u and v are the tangential
and body-normal velocities, and Evib and Etotal are the vibrational
and total energy; t , x , and y are the time, streamwise direction, and
body-normal direction, respectively. F and G are the ¯ ux vectors
and W is the source vector, which has terms in the species and
vibrational energy equations, as detailed in Refs. 9 and 10.

The following three dissociation reactions and two exchange re-
actions in air are modeled, where M is any collision partner (such
as N2, O2, NO, N, or O):

N2 + M $ 2N + M

O2 + M $ 2O + M

NO + M $ N + O + M

N2 + O $ NO + N

NO + O $ O2 + N

The equilibrium constants, transport properties, and translational±
vibrational energy exchange source term are modeled following
CandlerandMacCormack.10 The boundaryconditionsat thewall are
no-slip, noncatalytic, and either constant temperature or adiabatic.

The same equations and reactions are used to separately mo-
del equilibrium, chemical nonequilibrium, and thermochemical
nonequilibrium air. This was accomplished by adjusting the vi-
brational relaxation times and chemical reaction rates. For thermal
equilibrium, the vibrational relaxation times were decreased by a
factor of 104 . For chemical equilibrium, the forward and backward
reactionrates were increasedby a factor of up to 106. This technique
worked very well to simulate the various reacting ¯ ows. The equiv-
alence of the translational and vibrational temperatures con® rmed
thermal equilibrium.Chemical equilibriumwas attainedwhen there
was negligible difference in the mass concentrationratios as the re-
action rates were increased.

B. Numerical Method
A modi® ed Steger±Warming ¯ ux vector splittingupwind numer-

ical technique,presented by MacCormack and Candler,11 is used to
solve the Navier±Stokes equations. This technique is fully implicit
and uses the Gauss±Seidel line relaxation procedure. The highly
vectorized code of these equations and numerical method was em-
ployed in our previous work.6

In anticipationof the stability analysis, the grid for the mean ¯ ow
computationswas generated with body-normalgrid lines normal to
the surface. Stability calculations also require the grid to capture
physical aspects of the ¯ ow, which indicate stability behavior. So a
grid-point distributionwas formulated so that points were clustered
in the vicinity of the generalized in¯ ection point and the shock.

III. Linear Stability Analysis
A. Governing Equations

The stability equations of the disturbances in a thermochemical
nonequilibriumhypersonic¯ ow are derivedfrom theNavier±Stokes
equations [Eq. (1)]. The instantaneous ¯ ow is ® rst modeled by a
meanplus ¯ uctuatingcomponent,q = Åq+q 0 . The equationsare then

linearizedwith respect to the ¯ uctuations,and the mean ¯ ow is sub-
tracted.The mean ¯ ow is assumedparallelso that Åq(x , y, z) = Åq(y),
where x , y, and z are in the streamwise, surface normal, and az-
imuthal directions, respectively. The resulting linearized perturba-
tion equations for thermochemicalnonequilibrium¯ ow are detailed
in Ref. 9. The stability equationsare then obtainedby assuming that
the ¯ uctuations are given by a normal mode

q 0 (x , y, z, t ) = Ãq(y) exp[i ( a x + b z ¡ x t )]

where Ãq = complex amplitude of the disturbance, a = a r + i a i =
streamwise wave number, b = azimuthal wave number, and x =
disturbance frequency.

The relevant spatial evolution of the hypersonic ¯ ow is consid-
ered in the present formulation, so that the frequency is real and the
wave numbers are complex. The disturbances are then unstable if
the streamwise spatial ampli® cation rate ¡ a i > 0. Substituting the
normal mode into the linearized equations, a system of 10 ordinary
differential equations is obtained for thermochemical nonequilib-
rium:

( A
d2

dy2 + B
d

dy
+ C) Z = 0 (2)

where Z = ( Ãq s , Ãu, Ãv , Ãw , ÃT , ÃTv ); s = 1 to 5 species; Ãu, Ãv , and Ãw are
the disturbancevelocities in the x , y, and z directions, respectively;
and ÃT and ÃTv are the amplitudes of the translationaland vibrational
temperatures, respectively. A is a diagonal matrix and B and C
are 10 £ 10 complex matrices. These matrices are a function of the
mean ¯ ow, a , b , and x and are presented by Hudson.9

The stability boundary conditions are applied as follows. At the
wall, the velocity and temperature disturbances are zero. In addi-
tion, a noncatalytic wall is assumed so that a zero normal gradient
of the species mass concentration is speci® ed. In the freestream,
all disturbances except the body-normal disturbance velocity are
assumed zero. A numerical boundary condition is required at the
freestream boundary to avoid a trivial solution. So, following the
work of Stuckert,4 the mixture mass conservation equation is used
to obtain the body-normal velocity.

In the present work, the freestream properties and a reference
length, de® ned as

lref = Ï m 1 x/u 1 = x/ Ï Rex = x/ R

are used to nondimensionalizethe wavelength and frequency.

B. Numerical Method
Because nonzero solutions that satisfy the boundary conditions

exist only for certain combinations of the wave numbers and fre-
quency, Eq. (2) constitutes an eigenvalue problem. For spatial sta-
bility, the eigenvalue to be determined is the complex streamwise
wave number a for a speci® ed real frequency x and real spanwise
wave number b :

a = X ( x , b ) (3)

The eigenvalueproblemcan be solved by either a globalor a local
method. Following the work of Malik,12 the global method, which
yields a spectrum of approximateeigenvalues, is used to provide an
initial estimate for the local method. The approximate eigenvalues
from the global method are then improved by the local scheme. The
stability analysis was conducted on a uniform computational grid.

C. Global Method

Second-order accurate central differences are used in the global
method to approximate the ® rst and second derivatives in the sys-
tem of ordinarydifferential equations [Eq. (2)]. The resultingblock
(10 £ 10) tridiagonal matrix is given by

ÃBZ j + 1 + ÃAZ j + ÃCZ j ¡ 1 = 0 or ÅAZ = 0 (4)
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where

ÃB = ( g 2
y

D g 2 +
g yy

2 D g ) A +
g y

2 D g
B

ÃA = ¡ 2g 2
y

D g 2
A + C

ÃC = ( g 2
y

D g 2 ¡
g yy

2 D g ) A ¡
g y

2 D g
B

g is the body normal coordinate, and subscript j is an index in the
g direction.

To solve for the complex streamwise wave number a , Eq. (4) is
written as a generalized complex eigenvalue problem

ÄAZ = a ÄBZ (5)

where ( ÄA ¡ a ÄB) = ÅA andwe assume a 2 = 0 followingKhorramiand
Malik.13 The wall and freestreamboundaryconditionsare included9

to reduce the size of the square complex matrices ÄA and ÄB from
10 £ J to 10 £ (J ¡ 2),where J is thenumberofstabilitygridpoints.
The QZ algorithm14 was used to solve the generalized complex
eigenvalue problem.

The global method yields a spectrum of 10 £ (J ¡ 2) eigenval-
ues, a , and their associated eigenvectorsZ. A series of ® lter criteria
were developed to select the ª desiredº eigenvalue from the spec-
trum. The desired eigenvaluewith respect to stability analysis is the
most unstable physical one, i.e., a r > 0 and ¡ a i > 0. The three
® lter criteria were as follows. First, the relative Mach number ÅM
at the boundary-layer edge is used to select the subsonic unstable
eigenvalues.Second, the unstable eigenvalueswith positive relative
Mach numbers, that is, the phase velocity is less than the local ve-
locity at the edge of the boundary layer, are selected. Finally, the
unstable eigenvalues with a phase velocity between 90 and 100%
of the freestream velocity are selected. If more than one eigenvalue
from the spectrum satis® ed these three criteria, each unstable phys-
ical eigenvalue was re® ned by the local method, and the one found
to be most unstable was selected.

D. Local Method

The approximate eigenvalue from the second-order global
method was then improved upon using the higher-order local
method. In the local method, the a 2 terms in Eq. (2) are included.
The localmethodemployeda fourth-orderaccurate ® nite-difference
scheme15 to approximate the ® rst and second derivatives in Eq. (2).
Second-order approximations are used at the boundaries. The re-
sulting 10 £ 10 block pentadiagonalmatrix is given by

ÃDZ j + 2 + ÃBZ j + 1 + ÃAZ j + ÃCZ j ¡ 1 + ÃEZ j ¡ 2 = 0

or ÅAZ = 0 (6)

where

ÃD = ¡ ( g 2
y

12D g 2 +
g yy

12 D g ) A ¡
g y

12 D g
B

ÃB = ( 4g 2
y

3 D g 2 +
2g yy

3D g ) A +
2g y

3D g
B

ÃA = ¡ 5g 2
y

2D g 2
A + C

ÃC = ( 4g 2
y

3 D g 2 ¡
2g yy

3D g ) A ¡
2g y

3D g
B

ÃE = ( ¡ g 2
y

12D g 2 +
g yy

12D g ) A +
g y

12 D g
B

Because Eq. (6) is homogeneous, nonhomogeneous boundary
conditions are imposed at the wall to avoid a trivial solution.

The boundary condition for the velocity perturbation at the wall,
Ãu(0) = 0, is thus replaced by

5

Ss = 1

Ãq s(0)/ q 1 = 1

which normalizes the eigenvectorsby the disturbancemixture den-
sity at the wall. With this boundary condition, Eq. (6) becomes
ÅAZ = ÅB. LU decomposition was used to solve for Z given an ini-

tial estimate of a from the global method. Subsequent values of a
were obtained by using a secant iterationon the boundarycondition
Ãu(0) = 0. Typically, ® ve iterations were required to obtain a con-
vergedsolutionof Ãu(0) to within some toleranceof zero.To compute
the eigenvalues for several frequencies, the improved eigenvalue
from the local method was extrapolated to provide the guess for the
next frequency.This techniquewas found to be much more ef® cient
than performing a global computation for each frequency.

IV. Code Validation
The thermochemicalnonequilibriumstability code was validated

by comparing the present computationswith results in the literature
for perfect gas, equilibrium air, and chemical nonequilibrium air.
The accuracy of the global and local methods was ® rst assessed for
a perfect gas model. Note that the codes to compute the mean ¯ ow
and stability of perfectgas are separate from those for thermochem-
ical nonequilibrium and directly follow the work of Malik.12 The
validatednumericalmethods for the perfectgas model were then ap-
plied to the reactingair models. The conditions examined in the sta-
bility code validation study included subsonic to hypersonic ¯ ows;
adiabaticand cold wall surfaces; two- and three-dimensionaldistur-
bances; and perfect gas, equilibrium air, and chemical nonequilib-
rium air models. Full details of the validation study are presented in
Ref. 9. Some salient features of the validations are presented here.

A. Perfect Gas
The Mach 10 perfect gas ¯ ow over an adiabatic wall ¯ at plate

was computed and compared with a self-similar solution and with
Ref. 2. The freestream temperature was 277.8 K, unit Reynolds
number was 9.8425 £ 106/m, and Prandtl number was 0.70. The
spatial ampli® cation rates of the Navier±Stokes mean ¯ ow solutions
on ® ve grids are shown in Table 1. Three of the grids, 150 £ 200,
220 £ 300, and 220 £ 300C, had a conventional wall-clustered
distribution, where the grid spacing was minimum adjacent to the
wall and maximum at the outer boundary. In the grids designated B
and D, the minimum grid spacings were at the shock and near the
generalizedin¯ ectionpoint; the maximum spacingwas in the region
between the boundary-layer edge and the shock. The last column
in the table shows the percentage error in ¡ a i compared with the
self-similar solution. As the grid is re® ned near the boundary-layer
edge, the predicted ampli® cation rate approaches that of the self-
similar solution. The grid with the highest density of points in the
vicinity of the generalized in¯ ection point yields the best results;
the peak in the angular momentum must be adequately captured to
obtain accurate stability results.

B. Equilibrium
The stability of a Mach 10 equilibrium air¯ ow over an adiabatic

wall ¯ at plate was next examined. In the present work, the equilib-
rium air¯ ow was simulated by adjusting the chemical reaction rates
and thermal relaxationtimes as previouslydescribed.The suitability
of this approach was evaluated by comparing our predictions with

Table 1 Mean ¯ ow grid effect on ampli® cation
rates; perfect gas, != 0.08, x = 0.4 m

Grid ( a r , a i ) Error, %

Self-similar (0.0842, ¡ 1.361e ¡ 3) 0

Malik2 (?, ¡ 1.35e ¡ 3) 0.08
150 £ 200 (0.0860, +3.399e ¡ 5) (stable)
220 £ 300 (0.0857, ¡ 1.261e ¡ 4) 90.7
220 £ 300C (0.0853, ¡ 7.107e ¡ 4) 47.8
220 £ 300D (0.0845, ¡ 1.223e ¡ 3) 10.1
270 £ 300B (0.0843, ¡ 1.379e ¡ 3) 1.3
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Fig. 1 Ampli® cation rates of second-mode disturbances (Mach 10,
equilibrium air, adiabatic wall, and x = 0.4 m): ¦ , present study; ² ,
Malik2; and j , Stuckert and Reed.3

Fig. 2 Amplitude of velocities of ® rst-mode disturbances (Mach 10,
equilibrium air, adiabatic wall, x = 0.4 m, != 0.03, and Ã = 63 deg).

the stabilityresultsof Malik2 and ofStuckertand Reed.3 This valida-
tion study also served to examine the effects of the differentgovern-
ing equations,chemical kinetics, and the thermodynamicand trans-
port properties used by each researcher on the stability of the ¯ ow.

The spatial ampli® cation rates of two-dimensional disturbances
in the equilibriumair¯ ow at x = 0.4 m are shown in Fig. 1. In spite
of the differences in the equilibrium air models, the predicted peak
ampli® cation ratesand theirassociatedfrequenciesare all quite sim-
ilar. There was also good agreementwith the eigenfunctionpro® les
of the most ampli® ed second-mode,which were computedby Malik
and Anderson.1

As a further validation, the most unstable oblique ® rst-mode dis-
turbance was examined. The amplitudes of all three velocity com-
ponents compare very well with Malik and Anderson,1 as shown in
Fig. 2. The overall good agreement of both the spatial ampli® cation
rates and the eigenfunction pro® les for both the ® rst- and second-
mode instabilitiesvalidatesour modeling approach in a reactinggas
¯ ow.

C. Chemical Nonequilibrium
The ® nal validationtest case was the Mach 10 ¯ ow of air in chem-

ical nonequilibriumover an adiabaticwall ¯ at plate. The vibrational
relaxation times were adjusted in our thermochemical nonequilib-
rium ¯ ow code to model thermal equilibrium. The stability of the
¯ ow is comparedwith the resultsof StuckertandReed3 in Fig. 3. The
qualitativeagreementbetweenthe two predictionsis good.Quantita-
tively, our maximum ampli® cation rate is 19% higherat a frequency
that is 7.5% higher than that of Stuckert and Reed. For equilibrium
air, we computed a similar trend with a 4.5% higher ampli® cation
rate at a 13% higher frequency (Fig. 1). The discrepancies in the

Fig. 3 Ampli® cation rates of second-mode disturbances (Mach 10,
chemical nonequilibriumair, adiabatic wall, and x = 0.4 m): n , present
study; and j , Stuckert and Reed.3

Fig. 4 Mean velocity and temperature pro® les (Mach 10, adiabatic
wall, and x = 0.4 m).

ampli® cation rates are probably due to the differences between the
governingequations,property models, and numerical techniquesin
both the mean ¯ ow and stability analyses.

V. Results and Discussion
The validated stability code was used to assess the effects of

thermochemical nonequilibrium on the stability of three reacting
hypersonic ¯ ows: Mach 10 over an adiabatic plate, Mach 10 over a
coldwall plate,andMach15overa coldwall plate.For each case, the
threegasmodelsÐ equilibriumair,chemicalnonequilibriumair,and
thermochemical nonequilibriumairÐ were simulated. The stability
characteristics of ® rst-mode and second-mode disturbances were
examined for each ¯ ow. In addition, these stability characteristics
are used to clarify the observations in two recent high-enthalpy
hypersonic transition ¯ ow experiments.

A. Case 1: Mach 10, Adiabatic Wall Flat Plate
The freestream conditions for the ¯ ow over a 0.5-m-long adia-

batic ¯ at plate were a Mach number of 10, freestream temperature
of 278 K, and unit Re of 9.8425 £ 106/m. The effectsof the threegas
modelson themean ¯ owvelocityand temperaturepro® les are shown
in Fig. 4 at location x = 0.4 m. The difference between the trans-
lational and vibrational temperatures indicates thermal nonequilib-
rium, whereas the equivalence of these temperatures veri® es our
technique for modeling thermal equilibrium. The highest transla-
tional temperatures occur with the thermochemical nonequilibrium
air model because of the vibration±dissociation coupling, whereby
the energy absorptionby dissociation is limited because of the slow
reaction rates.
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Fig. 5 Ampli® cation rates of second-mode disturbances (Mach 10 and
adiabatic wall): j , Eq; ² , Chem non; and m , TC non.

Fig. 6 Phase velocities of second-mode disturbances (Mach 10 and
adiabatic wall): j , Eq; ² , Chem non; and m , TC non.

The ¯ ow becomes more equilibrium-like in the downstream di-
rection because of the increased ¯ ow residence time. Thus, we can
anticipate that the ¯ ow stability will become more similar for the
three gas models at downstream locations. The adiabatic wall tem-
peraturesalso vary in the axial directionand with the air model. The
thermochemical nonequilibrium model has the most elevated wall
temperature, 4300 K at x = 0.4 m, and the equilibrium air model
has the least elevated temperature, 2950 K. The stability of the ¯ ow
over an adiabatic surface is thus affectedby both the nonequilibrium
and the varying wall temperatures.

The dimensional ampli® cation rates of the two-dimensional dis-
turbances are shown as a function of the dimensional frequency
in Fig. 5 at ® ve axial locations. For all gas models, the maximum
spatial ampli® cation rate decreases with increasing x . At the two
upstreamlocations, the equilibriumair model yields the most unsta-
ble disturbances; farther downstream, the chemical nonequilibrium
air model gives the most unstable disturbances. At all locations,
the thermochemical nonequilibriummodel gives the least unstable
disturbances, which indicates that thermal nonequilibrium and the
higher wall temperature have a stabilizing effect on the ¯ ow.

Similar to a perfect gas ¯ ow, the boundary layer is ª tunedº to se-
lect frequencies.The frequencyof the most-ampli® ed second-mode
disturbance decreases from about 1.3 MHz to 190 kHz from the
leading edge of the plate downstream,as shown in Fig. 5. At a given
axial location, the thermochemicalnonequilibriumair model with a
thicker boundary layer has a higher most-ampli® ed frequency than
the equilibrium and chemical nonequilibrium gas models, which
have thinner boundary layers. Figure 6 shows the phase velocities

Fig. 7 Amplitude of temperature of second-mode disturbances (Mach
10, adiabatic wall, and x = 0.4 m): j , Eq; ² , Chem non; and m , TC non.

Fig. 8 Ampli® cation and phase velocity of ® rst-mode disturbances
(Mach 10, adiabatic wall, x = 0.4 m, and ¯r = 0.0628).

at the ® ve axial locations.The phase velocitiesvary between 93 and
96% of the freestream velocity, and the maximum spatial ampli® -
cation rates occur at 94% of the freestream velocity.

The details of the mode structure of the most-ampli® ed second-
mode disturbance at x = 0.4 m are indicated by the amplitude of
the temperature eigenfunction in Fig. 7. Qualitatively, there is little
difference in the mode structure between the three gas models. The
largest amplitudes occur with the thermochemical nonequilibrium
air model, and the smallest amplitudes occur with the equilibrium
air model. A pressure phase change across the boundary layers of
140 deg con® rms the second-mode character of the disturbances.

A ® rst-mode disturbance was analyzed for various frequencies
at x = 0.4 m and b r = 0.0628. The spatial ampli® cation rates and
phase velocities are shown in Fig. 8. The ¯ ow is the most unstable
with thermochemical nonequilibrium and the least unstable with
equilibrium. This behavior is exactly as predicted from the angular
momentum pro® les and wall temperatures; for the ¯ ow in thermo-
chemical nonequilibrium,the peak in angularmomentum is located
the furthestfrom the wall and thewall temperatureis the highest.For
® rst-mode disturbances at these wave angles, the spatial ampli® ca-
tion is three to four times less than the second-mode ampli® cation.
Also, the maximum ampli® ed frequenciesof 60±82 kHz are two to
three times less than those of the second-mode disturbances.

B. Case 2: Mach 10, Cold Wall Flat Plate

The effects of wall coolingon the stabilityof reacting ¯ ows were
next examined. The same freestream conditions as case 1 were ex-
amined for the ¯ ow over a constant wall temperature (1200 K) ¯ at
plate. The mean velocity and temperature pro® les are shown in
Fig. 9 at the location x = 0.4 m for all three gas models. For these
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Fig. 9 Mean velocity and temperature pro® les (Mach 10, cold wall,
and x = 0.4 m).

Fig. 10 Ampli® cation rates of second-mode disturbances (Mach 10,
adiabatic and cold wall, and x = 0.4 m).

¯ ow conditions, the equilibrium and chemical nonequilibrium gas
models yielded identical pro® les, and the thermochemical nonequi-
librium gas model yielded pro® les only slightly different from the
other two models. The stability of these ¯ ows is thus expected to be
dominated by the effects of wall cooling.

The spatial ampli® cation rates with the chemical nonequilibrium
and thermochemical nonequilibrium gas models on both the adia-
batic and cold wall plates are shown in Fig. 10. Wall cooling has
a destabilizing effect on the second-mode disturbances. The max-
imum ampli® cation of the second-mode disturbance on the cold
plate is 1.5 times greater than that on the adiabatic plate. In ad-
dition, the frequency corresponding to the most-ampli® ed distur-
bance is shifted to a higher value. This change in the stability
behaviorclari® es the observationsof He and Morgan16 in their high-
enthalpyshocktunnelexperiments.Theyobservedthat the transition
Reynolds number decreased with wall cooling. The present stabil-
ity results, which describe the precursor to transition, verify that
their observationsare a consequenceof more unstablesecond-mode
disturbances in both chemical and thermochemical nonequilibrium
¯ ows.

C. Case 3: Mach 15, Cold Wall Flat Plate
The third case examined was the Mach 15 ¯ ow past a cold wall

(1225 K) ¯ at plate. The freestream temperature and unit Reynolds
number were 700 K and 3.4 £ 106/m, respectively.The mean ¯ ow
velocity and temperature pro® les at x = 0.294 m are shown in
Fig. 11 and the oxygen mass concentration pro® les through the
boundary layer are shown in Fig. 12. It is evident that there are
differingdegreesof chemicalreactionbetween the threegasmodels.
The thermochemical nonequilibriumair model has the least degree

Fig. 11 Mean velocity and temperature pro® les (Mach 15, cold wall,
and x = 0.294 m).

Fig. 12 Oxygen mass concentration pro® les (Mach 15, cold wall, and
x = 0.294 m).

Fig. 13 Ampli® cation and phase velocity of second-mode disturbances
(Mach 15, cold wall, and x = 0.294 m).

of oxygen dissociation, and the equilibrium air model has the most
oxygen dissociation.The large differencebetween the translational
and vibrationaltemperaturesof the thermochemicalnonequilibrium
gas model indicates that the ¯ ow is also in thermal nonequilibrium.
Thus, in comparison to cases1 and 2, this ¯ ow exhibits the effectsof
both nonequilibriumand wall cooling on boundary layer stability.

The correspondingnondimensionalspatial ampli® cation rates and
phase velocitiesare shown in Fig. 13. The chemical nonequilibrium
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air model yields the most-unstable second-mode disturbances,
whereas, in comparison with the chemical nonequilibrium ¯ ow,
the thermochemical nonequilibrium air model shows that thermal
nonequilibriumhas a stabilizing effect. However, there is less than
a 7% difference in the maximum spatial ampli® cation rates of the
three gas models. This suggests that the effects of the thermal and
chemical nonequilibriumin air are dominated by the effects of wall
cooling. A similar observation was made by Stuckert and Reed3 in
their study of air in chemical nonequilibrium ¯ owing at Mach 25
over a cold wall cone. These observationsmay also provide clari® -
cationof the transitionmeasurementsconductedby Germain et al.17

on a sharp cone in air at high enthalpy.They observedno signi® cant
effect on transition Reynolds number because of varying degreesof
chemical nonequilibrium.

VI. Conclusions
A computationalstudy of the effects of thermochemicalnonequi-

librium on the stability of a hypersonic boundary layer has been
conducted.The linear, spatial growth of ® rst- and second-modedis-
turbances in the chemically reacting ¯ ow was computed. Three
reacting gas models were considered: equilibrium air, chemical
nonequilibriumair, and thermochemical nonequilibrium air. Ther-
mal and chemical equilibrium were simulated by adjusting the vi-
brationalrelaxation times and chemical reaction rates in the govern-
ing equations. This approach to simulating the chemically reacting
¯ ow was validated by comparisons to previous results in the liter-
ature for perfect gas, equilibrium air, and chemical nonequilibrium
air¯ ows.

For the most unstable oblique ® rst-mode disturbances, the ther-
mochemical nonequilibriumair model was found to be more desta-
bilizing than the chemical nonequilibrium air model. In contrast,
the equilibrium air model was found to be the least destabiliz-
ing compared to both nonequilibrium air models. For the second-
mode disturbances, the maximum spatial ampli® cation rates in-
dicated that chemical nonequilibrium was slightly destabilizing,
and thermochemical nonequilibrium was slightly stabilizing. For
the conditions examined, the results of the second-mode distur-
bances in equilibrium ¯ ow did not differ greatly from the chem-
ical nonequilibrium ¯ ow. Furthermore, for these ¯ ow conditions,
the effect of wall cooling dominated the effects of the different
air models. The ® rst-mode disturbances were stabilized because
of wall cooling, and the second-mode disturbances were destabi-
lized.

For both adiabaticand cold wall conditions,the second-modedis-
turbances were found to be the most dominant. Their observed sta-
bilitybehaviorclari® ed two observationsin recenthigh-enthalpyhy-
personic ¯ ow transition experiments. First, the transition Reynolds
number decreased with wall cooling. Whereas this was previously
known for hypersonicperfect gas ¯ ows, this is newly demonstrated
for ¯ ows in thermochemical nonequilibrium.Second, for the cases
examined, there was no signi® cant effect on transition Reynolds
number because of the chemical nonequilibrium of air. Thus, the
stability analysis developed in the present work shows promise for
development of future hypersonic ¯ ight vehicles.
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